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Progression in the use of manipulatives to support learning (How we support children’s concrete understanding of maths)

Foundation Year 1 Year 2 Year 3 Year 4 Year 5 Year 6
Real-life objects Real-life objects Mini-whiteboards Mini-whiteboards Mini-whiteboards Mini-whiteboards Mini-whiteboards
0 — 9 digit cards 0 — 9 digit cards Place value cards Protractors Protractors

Number track/line to
20

Number line to 20 and
50

Number line to 100

Number line to 100

Number line including
negative numbers

Number line including
negative numbers

Number line including
negative numbers

Meter/Counting stick

Meter/Counting stick

Meter/Counting stick

Meter/Counting stick

Meter/Counting stick

Meter/Counting stick

Meter/Counting stick

Transparent rulers

Transparent rulers

Transparent rulers

Transparent rulers

Transparent rulers

Tens frame Tens frame and hundred Tens frame and Tens frame and Tens frame and Tens frame and Tens frame and
square hundred square hundred square hundred square hundred square hundred square
Building blocks Place value charts — Tens Place value charts — Place value charts — Place value charts — Place value chartstoa | Place value charts to 10
and ones Ones to hundreds Ones to Thousands Ones to Ten thousands million and three million and three

decimal places

decimal places

Containers that are
different shapes and
sizes

Containers that are
different shapes and
sizes

Fraction bars, walls, circles (centralised storage)

Numicon shapes

Numicon shapes/ Dienes

Dienes

Dienes

Dienes

Dienes

Dienes

Sorting hoops

Sorting hoops

Sorting hoops

Place value counters

Place value counters

Place value counters

Place value counters

Big Dice

Place value arrow cards
—tens and ones

Place value arrow cards
—tens and ones

Place value arrow cards
-H,T,0

Place value arrow cards
-H,T,0

Place value arrow cards

Place value arrow cards

Part-part-whole mat

Part-part-whole mat

Part-part-whole mat

Part-part-whole model

Part-part-whole model

Part-part-whole model

Part-part-whole model

Transparent counters

Transparent counters

Transparent counters

Transparent counters

Transparent counters

Transparent counters

Transparent counters

Bar model with real-
life objects

Bar model pictorial
objects/ representative
objects e.g. counters

Bar model with
counters /Dienes
progressing to numbers

Plastic mirrors

Plastic mirrors

Plastic mirrors

Plastic mirrors

Bead strings — ten

Bead strings —
twenty/fifty

Bead strings - hundred

Bead strings - hundred

Bead strings - hundred

Bead strings - hundred

Bead strings - hundred

Dice

Dice

Dice

Dice

Dice

Dice

Dice

Cuisenaire rods

Cuisenaire rods

Cuisenaire rods

Cuisenaire rods

Cuisenaire rods

Cuisenaire rods

Cuisenaire rods

Double sided counters

Double sided counters

Double sided counters

Double sided counters

Double sided counters

Double sided counters

Double sided counters

Multilink — use one
colour to model an
amount

Multilink — use one
colour to model an
amount

Multilink — use one
colour to model an
amount

Multilink — use one
colour to model an
amount

Multilink — use one
colour to model an
amount

Multilink — use one
colour to model an
amount

Multilink — use one
colour to model an
amount

Maths balances

Weighing scales

Solid geometric shapes (centralised storage)

Coins and notes (centralised storage)

Clock (geared) (centralised storage)




Maths Working Wall (How we use displays to support children’s understanding of mathematical concepts)

Build it

Use a real-life representation of the concept, which children
can see, touch and feel.

. Show a pictorial representation of the concept.
Draw it
. Show the mathematical representation of the concept 6x2=12
Solve it _
2x6=12
12+2=6
12+6=2

Factors of 12 are: 1, 2, 3,4, 6 and 12

Practise it

Encourage children to practice the concept. Interactive
opportunity — ask children to respond to questions, encourage
them to add what they know, leave homework for children to
take to master the concept.

1x2=2
2x2=4
3x2=6etc.

Challenge it

Set a challenge to be solved. Interactive opportunity — leave
real-life objects or manipulatives for children to use to help
solve the challenge.

How many different ways can 12 eggs be
arranged into arrays? What if you try 24
eggs?

Say it

Use vocabulary related to the concept

Multiply, multiplication , repeated
addition, array, divide, group, multiples,
factors




Classroom visual prompts (How we represent maths to the children pictorially)

Foundation Year 1 Year 2 Year 3 Year 4 Year 5 Year 6
Big focus 10 Big focus 20 Big focus 100
Place Value Chart Place Value Chart Place Value Chart Place Value Chart Place Value Chart Place Value Chart Place Value Chart
10 20 100 Th- tenths Tth- Hundredths M- Thousandths M- Thousandths
ractions number line | Fractions and decimals Fractions, decimals Fractions, decimals

Numicon number line
with Numicon shapes

Numicon number line
with Numicon shapes

Fractions number line F

number line

and percentages
number line
Factors, prime and

Number properties

and percentages
number line

Odd and even

0Odd and even
numbers

Odd and even
numbers

Factors and multiples

Factors and multiples

composite numbers

numbers

Number bonds to 10
Number bonds to 20

Number bonds to 10
Multiples of 10
totalling 100

Number bonds to 10
Multiples of 10
totalling 100

Number line including

Number line including | N

umber line including

0 — 100 number line

Number line to 100

negative numbers

negative numbers

Counting in 1s and 2s

multiplication tables

multiplication tables

multiplication tables

All multiplication
tablesupto12x 12
All multiplication table

0 - 20 number line / 0 -50 number line
track negative numbers
100 square 100 square 100 square 100 square 100 square 100 square
Number names from O Number names of Number names from 0 | Number names from 0 Number names to Number names to one Number names to
-10 multiples of 10 - 100 - 1000 hundred thousands million million
Real coins and Real coins and Real coins and Real coins and Real coins and Real coins and Real coins and
Large coins Large coins Large coins Large coins Large coins Large coins Large coins
2,5and 10 2,4and 8 3,6and 12 7,9and 11 All multiplication All multiplication
multiplication tables tablesupto12x12 tablesupto12x12

All multiplication table

All multiplication table

Counting in 1s and 2s
multiplication table
patterns and
divisibility rules and
connections.

2,5and 10
multiplication table
patterns and
divisibility rules and
connections. Display
after introducing the
times tables to the
children.

2,4and 8
multiplication table
patterns and
divisibility rules and
connections. Display
after introducing the
times tables to the
children.

3,6and 12
multiplication table
patterns and
divisibility rules and
connections. Display
after introducing the
times tables to the
children.

patterns and
divisibility rules
Connections between
5/10, 3/6/12, 2/4/8
Also focuson 1, 7,9
and 0 multiplication
table.

Roman numerals

patterns and
divisibility rules
Connections between
5/10, 3/6/12, 2/4/8
Also focuson 1, 7,9
and 0 multiplication
table. Square and cube
numbers

Roman numerals

patterns and
divisibility rules
Connections between
5/10, 3/6/12, 2/4/8
Also focuson 1, 7,9
and 0 multiplication
table. Square and cube
numbers

Roman numerals

Roman numerals

The =sign means

The =sign means

The =sign means
not an answer but is

The =sign means
not an answer but is
equivalent to

The =sign means
not an answer but is
equivalent to

The =sign means
not an answer but is
equivalent to

The =sign means
not an answer but is
equivalent to

not an answer but is
equivalent to

2D and 3D shapes

2D and 3D shapes

not an answer but is
equivalent to
2D and 3D shapes

equivalent to

2D and 3D shapes

2D and 3D shapes

2D and 3D shapes

2D and 3D shapes




Addition
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EYFS/Year 1

Combining two parts
to make a whole: part
whole model.

Adding three single
digits.

Use of base 10 to

Column method-
regrouping.

Using place value

Column method-
regrouping.

(up to 4 digits)

Column method-
regrouping.

Column method-
regrouping.

Abstract methods.

Starting at the bigger | combine two counters Use of place value
number and counting | numbers, (up to 3 digits). counters for Place value counters
on- using cubes. adding decimals. | to be used for
adding decimal
Regrouping to make numbers.
10 using ten frame.
Taking away ones Counting back Column method Column method with | Column method Column method
with regrouping. regrouping. with regrouping, with regrouping.
Counting back Find the difference
(up to 3 digits (up to 4 digits) Abstract for whole | Abstract methods.
Find the difference Part whole model using place value numbers.
counters) Place value counters
Part whole model Make 10 Start with place for decimals- with
value counters for | different amounts of
Make 10 using the Use of base 10 decimals- with the | decimal places.
ten frame same amount of
decimal places.
Recognising and Arrays- showing Arrays Column Column Column
making equal groups. | commutative multiplication- multiplication multiplication
multiplication 2d x 1d using base | introduced with place
Doubling 10 value counters, Abstract only but | Abstract methods
might need a (multi-digit up to 4
Counting in multiples (2 and 3 digit repeat of year 4 digits by a 2 digit
Use cubes, Numicon multiplied by 1 digit) first(up to 4 digit number)
and other objects in numbers
the classroom multiplied by 10r 2
digits)
Sharing objects into | Division as Division with a Division with a Short division Short division
groups grouping remainder-using remainder
lollipop sticks, (up to 4 digits by a | Long division with
Division as grouping | Division within times tables facts | Short division (up to 3 | 1digit number place value counters
eg | have 12 sweets | arrays- linking to and repeated digits by 1 digit- including (up to 4 digits by a 2
and put them in multiplication subtraction. concrete and pictorial) | remainders) digit number)
groups of 3, how
many groups? Repeated 2d divided by 1d Children should
subtraction using base 10 or exchange into the
Use cubes and draw place value tenths and
round 3 cubes at a counters hundredths column
time. too




Progression in the teaching of place value

Foundation Year 1 Year 2 Year 3 onwards
Understanding ten Understanding numbers up to 20 Understanding numbers up to one Understanding numbers up to one
hundred thousand

A TENS FRAME is a simple maths tool that
helps children:

¢ Keep track of counting

¢ See number relationships

¢ Learn addition to 10

¢ Understand place value

Use tens frames flash cards daily to ensure
children recognise amounts.

Use empty tens frames to fill with counters to
enable children to understand number
relationships.

Either fill the tens frame in pairs or in rows. In
rows shows 5 as a benchmark. Children can
easily see more than 5 or less.

Setting the counters in pairs, naturally allows
the children to see addition concepts.

Include other visual images such as dice,
cards, dominoes etc.

< B

'Ten' is the building block of our Base 10
numeration system. Young children can
usually 'read' two-digit numbers long
before they understand the effect the
placement of each digit has on its
numerical value. A child might be able to
correctly read 62 as sixty two and 26 as
twenty-six, and even know which number
is larger, without understanding why the
numbers are of differing values.

Ten-frames can provide a first step into
understanding two-digit numbers simply
by the introduction of a second frame.
Placing the second frame to the right of
the first frame, and later introducing
numeral cards, will further assist the
development of place value
understanding.

Continue developing place value through
the use of tens frames.

20

HHH
HHH

QOO
4. 0000

Continue developing place value through
the use of manipulatives including
recognising 416 as 41 tens and 6 ones which
is equivalent to 416 ones which is
equivalent to four hundreds and one ten
and six ones

il

Use Dienes blocks and place value charts

Hundreds

Tens |Ones




Progression in the teaching of place value

Year 4 Year 5 Year 6
Understanding numbers up to ten thousand Understanding numbers up to one million including Understanding numbers beyond one million including
decimals decimals

Continue developing place value through the use
of manipulatives.

¢ Place value arrow cards
¢ Place value counters

¢ Dienes blocks

¢ Place value charts

hundreds tens. ones
i [resessssesn .ﬂpﬂoﬂpﬂ
3 E Gediddidids
5315311 —
1 2 4 7
1,000 200 4“0 7

Continue developing place value through the use
of manipulatives including recognising the
number above as one thousand plus two
hundred plus four tens plus seven ones is
equivalent to twelve hundred plus 47 ones etc.
The children must also be able to identify that
this number is also 12,470 tenths

Continue developing place value through the use
of manipulatives.

e Place value arrow cards

e Place value counters (including decimal
counters)

* Dienes blocks

e Place value charts

g 3 1 01 9 K 2 | 8 | 1

They need to understand that there are no ten
thousands in this number. The value of the digit 9
is nine thousand but there are three hundred and
nine thousands in this number.

They need to be able to recognise the value of
the digit and the number and know that these
are different.

They also need to know how many tenths and
hundredths are in this number 3092810 tenths
and 30928100 hundredths in this number.

Continue developing place value through the use of
manipulatives.

e Place value arrow cards

e Place value counters (including decimals
counters)

* Dienes blocks

e Place value charts

MILLIONS THOUSANDS ONES
Iu“. .“l millions lml l i " thousands | | hundreds |  tens ones.
7 - 5 || 3 0 9 L 2 8 1

They need to understand that there are no ten
thousands in this number. The value of the digit 9 is
nine thousand but there are 745309 thousands in
this number.

They need to be able to recognise the value of the
digit and the number and know that these are
different. They also need to know how many
tenths, hundredths and thousandths there are in
this number 7453092810 tenths and 74530928100
hundredths and 745309281000 thousandths in this
number.




Yz Addition

Strategy & pmdance

Part-part-whole

Pupils explore the different
ways of making zo. They
oan do this with all
numbers using the same

This model develops
knowdedge of the inverse
relationship befivesn

and is used fo find the
@nEwer to mssing numher

20=17+3
20=3+17
20—-3=17
20—-17=3

Countng on in tens and




Strategy & gunidance CPA

Using known facts to ) . 344=7
create derived facts IR S —

leods to
Diienes blocks should be

used alengside pictorial l l I
and abstract
representations when leads to

introducing this strategy. I =1
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30+ 40 =70
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(=] 300 + 400 = 700

Partitioning one
number, then adding
tens and ones

Pupils can choose
themselves which of the
numbers they wish to
partition. Pupils will begin
to see when this method is
more efficient than adding
tens and taking away the
extra enes, as shown.

22 32 39

224+17=730

Round and adjust
(sometimes known as a
compensating strategy)

Pupils will develop a sense
af efficiency with this
method, beginning to see
when rounding and
adjusting is more efficient
than adding tens and then
ones,

22+17=130




Strategy & guidance CPA

Make ten strategy

How pupils choose to
apply this strategy is up to
them; however, the focus
should always be on 33 + ‘| 5 -

efficiency. f‘ .\
2 ]
'

Itrelies onan

understanding that
numbers can be 10 3 Bl 40 50 53
partitioned in different
ways in erder to easily
make a multiple of ten.

Partitioning to add
without regrouping

Asin¥Year: thisisa (= T S
mental strategy rather
than a formal written
method, Pupils use the e
Dienes blocks (and later,
images) to represent 3-
digit numbers but do not
record a formal written
method if there is no
regrouping.

TR

455+ 103 = 8

Column method with [
regrouping

i

Dienes blocks should be
used alengside the hundreds | tens | ones
pictorial representations: ' '
they can be placed on the _
place value grid before : i
pupils make pictorial '
representations.

As in Year 1, the focus for
the column methed is to
develop a strong
understanding of place
value.

flir i

1 3 H

O
O
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Strategy & gnidance

Counting back in
multiples of ten and one
hundred

Using known number
facts to create derived

facts

Dienes blocks should be
used alengside pictorial
and abstract
representations when
introducing this strategy.
encouraging pupils to

apply their knowledge of
number bonds to add

multiples of ten and 100.

E-d=4

leods to

80 - 40 =40

leods to

800 - 400 =200

Subtracting tens and
ones

Pupils must be taught to
partition the second

number for this strategy as
partitioning both numbers
can lead to errors if
regrouping is required.

33-12=41




Strategy & guidance

Round and adjust

{sometimes known as a
compensating strategy)

Pupils must be taught to
round the number that is
being subtracted.

Pupils will develop a sense
of efficiency with this
method, beginning to
identify when this method
1s more efficient than
subtracting tens and then
Ones.

33 56 53

53-17=36

Make ten

How pupils choose to apply
this strategy is up to them.
The focus should always be

on efficiency.

It relies on an
understanding that
numbers can be partitioned
in different ways in order
to subtract to a multiple of
fen.

Pupils should develop an
understanding that the
parts can be added in any
order.




Strategy & guidance

Partitioning to subtract
without regrouping

Az in ¥ear 1, the focus is to
develop a strong
understanding of place
value and pupils should
always be using concrete
manipulatives alengside
the pictorial.

Formal recording in
colummns is unnecessary for
this mental strategy. It
prepares them to subtract
with g-digits when
regrouping is reguired.
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263 - 121=142

Colomn method with
regrouping

The focus for the column
method is to develop a
strong understanding of
place value and conerete
manipulatives should be
used alengside.

Pupils are introduced to
caleulations that require
tweo instances of
regrouping {initially from
tens to one and then from
hundreds to tens). E.g. 232
— 157 and are given plenty
of practice using concrete
manipulatives and images
alongside their formal
written metheds, ensuring
that important steps are
not missed in the recording.

Caution should be exercised
when introducing
caleulations requiring
‘regrouping to regroup’
(e.g. 204 — 127) ensuring
ample teacher modelling
using concrete
manipulatives and images.

hyjmdrasds Tend  aned

147
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Yz Multiplication

Strategy & pnidance

CPA

Skip counting in
multiples of z, 3. 4. 5,

10 from zero

Pupils can use their
fingers as they are skip
counting, to develop an
understanding of ‘groups
of.

Dot arrays can be used to
create a visual
representation for the
different multiplication
faets, Bead strings,
groups of cubes (or unifix
J multilink towers)
provide useful concrete
representafions.

LI A0 B0 B I A0 0 B B0 A O
LIE AL AL BE I8 I AR 36 B A O
LA A0 B BF IF IF OF 3F B¢ O O |
LRI AL R L
LR AL AL AL A AL A A RE I

|2 | e | | o | | || A -

Multiphcation as
repeated addition

Pupils apply skip
counting te help find the

totals of repeated
additions.

54545405+05+H+54+0=

{ vk e s e e
gt el Al npd el S Al

- - = -1




Strategy & gunidance CPA
multiplication OO OO OO
equations DD OO OO DD DO
Conerete manipulatives CDCDCIC DT DT LD D
and images of familiar
cbjects begin to be -~ -
organised into arrays el s el e
and, later, are shown D O WYn

_ -~ ™ -
alongside dot arrays. It P
is important to discuss P
with pupils hew arrays o~ -g.- -

el e T e e =5 (== ==

can be useful, g2 :: B = — o e o =
Pupils begin to ol o R T OO U9 U9 9%
understand
multiplication in a more
abstract fashion, 5
applying their skip it ! EE R R RN

e kil o et I I 1111111
counting to identify sesen l sssssnws
the multiples of the =x, 5x a%a s ; sassssns
ﬂﬂdlﬂ‘xmb;ﬁ. e il Bt e B -..i.-- - e ekt
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multiplication end IR T
division also begins to be
demenstrated,
Multplication is
commutative
Pupils should understand
that an array and, later,
bar models can represent
different equations and

that, as multiplication is
commutative, the order
of the multiplication does
not affect the answer.

12=353=4




Strategy & gunidance

Use of part-part-
whole model to
establish the inverse
relationship between
multplication and
division

This link should be made
explicit from early on,
using the language of the
part-part-whole model,
5o that pupils develop an
early understanding of
the relationship between
multiplication and
division, Bar medels
{with Cuisenaire rods)
should be used to identify
the whole, the value of
the parts and the number

of parts.

It is important to
highlight that with
multiplication, the parts
are of egual value as this
is different to how this
medel is used for
addition and subtraction.

CPA
There are three equal parts. Each part has a value of three. What is the whole?
3x3= 9+3=
|
LY |
_
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Doubling to derive
new multiplication
facts

Pupils learn that known
facts from easier
multiplication tables can
be used to derive facts
from related times tables
using doubling as a
Strategi.

At this stage they double
the 2x table facts to
derive the 4= table facts.

@@@@ 5=2=10
! A A ‘I S=d=20
SAATACLS




[ Strategy & guidance

Division as sharing

Here, division is shown as
sharing.

If we have ten pairs of
scissors and we share them
between two pots, there will
be 5 pairs of scissors in each
paot.

Division as grouping

Here, division is shown as
grouping.

If we have ten forks and we
put them into groups of hwo,
there are 5 groups.
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Strategy & gnidance

Use of part-part-whole
model to represent
division equations and
to emphasise the
relationship between
division and
multiplication

Pupils use arrays of
concrefe manipulatives and
images of familiar objects to
solve division equations.

They begin to use dot arrays
to develop a more abstract
concept of division.

It is important to highlight
that with multiplication and
division, the parts are of
equal value as this is
different to how this model
i3 used for addition and
subtraction.

15+5= [3]
15+3= E]

v me the fladaes sepne o R R p by e

The whole is nine. There are three equal parts. What is the value of

each part?

l'.ll
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